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Let K/Q be a ﬁnite Galois extension, and let s0 = 1 be a complex
number. We prove that the multiplicative semigroup of Artin L-
functions in K/Q which are holomorphic at s0 is ﬁnitely generated.
We obtain a criterion for Artin’s conjecture and we discuss the case
of icosahedral extensions.
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1. Introduction
Let K/Q be a ﬁnite Galois extension with the Galois group G , and let χ be a character of G .
Artin’s conjecture predicts that the L-function L(s,χ, K/Q) is holomorphic in C \ {1} [1, p. 105].
Brauer [2] proved that L(s,χ, K/Q) is meromorphic in C. For two characters ϕ and ψ of G it holds
L(s,ϕ+ψ, K/Q) = L(s,ϕ, K/Q) · L(s,ψ, K/Q), so the set of L-functions corresponding to all characters
of G is a multiplicative semigroup Ar. Let s0 ∈ C, s0 = 1, and let Hol(s0) be the subsemigroup of Ar
consisting of the L-functions which are holomorphic at s0. Artin’s conjecture is
Hol(s0) = Ar.
If r = 1 then G = {1} and Artin’s conjecture is trivially true. Suppose r  2. Since every character of G
is a linear combination with positive integer coeﬃcients of irreducible characters, the semigroup Ar is
ﬁnitely generated, a generating set being f1 = L(s,χ1, K/Q), . . . , fr = L(s,χr, K/Q), where χ1, . . . ,χr
are the irreducible characters of G .
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The only invertible element in Hol(s0) is the identity: Let χ be a character of G such that
L(s,χ, K/Q) is invertible in Hol(s0), that is, there exists a character ψ with L(s,χ, K/Q) · L(s,ψ,
K/Q) = 1, hence χ +ψ = 0, which is impossible. It follows that every element of Hol(s0) is a product
of uniquely determined irreducible elements. Since Hol(s0) is ﬁnitely generated, the set of irreducible
elements is also ﬁnite. It constitutes the Hilbert basis of Hol(s0). This is the uniquely determined
minimal system of generators of Hol(s0), denoted by Hilb(Hol(s0)). By Brauer’s induction theorem of
characters and by class ﬁeld theory, every element of Ar is a quotient of two elements of Hol(s0). This
implies that the group generated by Hol(s0) is the free abelian group { f k11 · · · · · f krr | k1, . . . ,kr ∈ Z} of
rank r. It follows that the number of elements in Hilb(Hol(s0)) is at least r.
Theorem 2. The following assertions are equivalent:
(i) Artin’s conjecture is true: Hol(s0) = Ar.
(ii) The number of elements in Hilb(Hol(s0)) is r, and
∏
i∈I f i ∈ Hol(s0) for every subset I ⊂ {1, . . . , r} with
r − 1 elements.
Theorem 3. Let K/Q be an icosahedral Galois extension, i.e. the Galois group isomorphic to the alternating
group A5 on ﬁve symbols. The following assertions are equivalent:
(i) Artin’s conjecture is true: Hol(s0) = Ar.
(ii) The Hilbert basis Hilb(Hol(s0)) consists of ﬁve elements.
2. Proofs
Deﬁnition 4. A rational cone in the euclidean space Rr , r  1, is the set of points (x1, . . . , xr) ∈ Rr
which satisfy a system of inequalities
a1 j x1 + · · · + arjxr  0, 1 j m,
with aij ∈ Q for every 1 i  r and 1 j m.
Deﬁnition 5. An aﬃne semigroup is a ﬁnitely generated semigroup isomorphic to a subsemigroup of
the free abelian group Zd for some d 0.
Lemma 6 (Gordan’s Lemma). Let C be a rational cone in Rd, and L ⊂ Qd a lattice. Then C ∩ L is an aﬃne
semigroup.
Proof of Theorem 1. Each element of Ar has the form
f = f n11 · · · · · f nrr ,
where f j = L(s,χ j, K/Q) and n j  0 is an integer, j = 1, . . . , r. Artin proved [1, Satz 5, p. 106] that
f1, . . . , fr are multiplicatively independent, that is, a relation
f k11 · · · · · f krr = 1,
where k1, . . . ,kr are integers, implies k1 = · · · = kr = 0. (It was proved in [4] that f1, . . . , fr are alge-
braically independent over C.) This implies that Ar is a free semigroup on the generators f1, . . . , fr .
The map
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is an isomorphism of Ar onto Nr0, where N0 := {0,1,2, . . .} denotes the additive semigroup of natural
numbers and 0. Let l j := ords=s0 f j be the order of the meromorphic function f j at the point s0. For
f = f n11 · · · · · f nrr ∈ Ar it holds
ords=s0 f = l1n1 + · · · + lrnr,
and f belongs to Hol(s0) if and only if
l1n1 + · · · + lrnr  0.
Hence Hol(s0) is identiﬁed by the former isomorphism with the additive semigroup of lattice points
(x1, . . . , xr) ∈ Zr ⊂ Rr such that
l1x1 + · · · + lr xr  0, x1  0, . . . , xr  0. (1)
The homogeneous linear inequalities with integral coeﬃcients (1) deﬁne a rational cone in the eu-
clidean space Rr . By Gordan’s Lemma, the set of lattice points in this cone is a ﬁnitely generated
semigroup. So Hol(s0) is ﬁnitely generated. 
Deﬁnition 7. A positive semigroup is a semigroup with trivial subgroup of units. The unique minimal
system of generators of a positive aﬃne semigroup S is the set of its irreducible elements, called the
Hilbert basis of S and denoted by Hilb(S).
Remark 8. The proof of Theorem 1 and the fact that Hol(s0) is a subsemigroup of the positive semi-
group Ar show that Hol(s0) is a positive aﬃne semigroup.
Proof of Theorem 2. (i) implies (ii). If Hol(s0) = Ar then Hilb(Hol(s0)) = { f1, . . . , fr}.
(ii) implies (i). Let dl := χl(1) be the dimension of the character χl , l = 1, . . . , r. It holds ζK (s) =
f d11 · · · · · f drr , where ζK (s) is the Dedekind zeta function of K , which is holomorphic at s0. By a
theorem of Stark ([5, Theorem 3, p. 144], [3, p. 7]), if ords=s0 ζK (s) 1 then f1, . . . , fr are holomorphic
at s0, hence Artin’s conjecture is true. If ords=s0 ζK (s) > 1 then d1 ords=s0 f1 + · · · + dr ords=s0 fr > 1,
so there exists j ∈ {1, . . . , r} such that ords=s0 f j > 0. Suppose that Artin’s conjecture is not true.
Then there exists k ∈ {1, . . . , r} such that ords=s0 fk < 0. By renumbering, suppose ords=s0 f1  0, . . . ,
ords=s0 fk−1  0,ords=s0 fk < 0, . . . ,ords=s0 fr < 0, so f1, . . . , fk−1 ∈ Hol(s0). For l ∈ {1, . . . ,k − 1} the
element fl ∈ Hol(s0) is a product of elements in Hilb(Hol(s0)). Since every element of Ar is uniquely a
product f n11 · · · · · f nrr with n1, . . . ,nr  0, it follows that fl ∈ Hilb(Hol(s0)) for all l ∈ {1, . . . ,k − 1}. For
l ∈ {k, . . . , r} let ml = min{m  0 | f mj · fl ∈ Hol(s0)} = min{m  0 | m · ords=s0 f j + ords=s0 fl  0}. For
l ∈ {k, . . . , r} the element f mlj · fl ∈ Hol(s0) is a product of elements in Hilb(Hol(s0)). Since fl /∈ Hol(s0)
the element fl is not in Hilb(Hol(s0)), so there exists an element in Hilb(Hol(s0)) of the form f mj · fl
with 0 <m ml. If m <ml then, by the minimality of ml , f mj · fl /∈ Hol(s0), so m = ml and f mlj · fl ∈
Hilb(Hol(s0)). It follows that { f1, . . . , fk−1, f mkj · fk, . . . , f mrj · fr} ⊂ Hilb(Hol(s0)), and since by (ii) the
number of elements in Hilb(Hol(s0)) is r, Hilb(Hol(s0)) = { f1, . . . , fk−1, f mkj · fk, . . . , f mrj · fr}. By the
second assumption in (ii), the function
∏
i∈{1,...,r}\{ j} f i (which does not contain the factor f j but
contains the factor fr with the exponent 1) belongs to Hol(s0), so it must be a product of functions in
Hilb(Hol(s0)):
∏
i∈{1,...,r}\{ j} f i = f n11 · · · · · f nk−1k−1 · ( f mkj · fk)nk · · · · · ( f mrj · fr)nr with integers n1, . . . ,nr  0.
Since f1, . . . , fr are multiplicatively independent, it follows that nr = 1, but in this case the right-hand
side contains also the factor f j , which is a contradiction. The theorem is proved. 
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the alternating group A5 on ﬁve symbols. In this case there are ﬁve irreducible characters (r = 5):
χ1 the trivial character, χ2 and χ3 of dimension 3, χ4 of dimension 4, χ5 of dimension 5. It holds
f1 = L(s,χ1, K/Q) = ζQ(s), the Riemann zeta function, which is holomorphic at s0:
f1 ∈ Hol(s0). (2)
Artin proved [1, p. 108]:
f5 ∈ Hol(s0), (3)
f2 · f3 ∈ Hol(s0), (4)
f2 · f3 · f4 ∈ Hol(s0), (5)
f2 · f4 · f5 ∈ Hol(s0), (6)
f3 · f4 · f5 ∈ Hol(s0). (7)
From (2) and (5) it follows f1 · f2 · f3 · f4 ∈ Hol(s0). From (2)–(4) it follows f1 · f2 · f3 · f5 ∈ Hol(s0).
From (2) and (6) it follows f1 · f2 · f4 · f5 ∈ Hol(s0). From (2) and (7) it follows f1 · f3 · f4 · f5 ∈ Hol(s0).
From (3) and (5) it follows f2 · f3 · f4 · f5 ∈ Hol(s0). So the second assumption in assertion (ii) of
Theorem 2 is fulﬁlled. The theorem is proved. 
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